Let t be a positive real number. A graph is called t-tough, if the removal of any cutset S leaves at most |S|/t components. The toughness of a graph is the largest t for which the graph is t-tough. A graph is minimally t-tough, if the toughness of the graph is t and the deletion of any edge from the graph decreases the toughness. In this paper we investigate the minimum degree and the recognizability of minimally t-tough graphs in the class of chordal graphs, split graphs, claw-free graphs and 2K 2 -free graphs.
Introduction
All graphs considered in this paper are finite, simple and undirected. Let ω(G) denote the number of components and α(G) denote the independence number and κ(G) denote the connectivity number of the graph G.
The notion of toughness was introduced by Chvátal in [2] .
In [4] we proved that every minimally 1-tough graph has a vertex of degree at most n/3 + 1.
In general, determining whether a graph is minimally t-tough is hard, in [5] we proved that it is DP-complete for any positive integer t and for any positive rational number t ≤ 1/2. DP-complete problems are believed to be even harder than NP-complete ones. For more details about the complexity class DP, see [9] .
If a graph is not t-tough, then there exists a cutset S, whose removal leaves more than |S|/t components. The following lemma is about the vertex sets of a minimally t-tough graph showing that the removal of the edges decreases the toughness. Claim 1.5. Let t be a positive rational number and G a minimally t-tough graph. For every edge e of G,
the edge e is a bridge in G, or
2. there exists a vertex set S = S(e) ⊆ V (G) with ω(G − S) ≤ |S| t and ω (G − e) − S > |S| t , and the edge e is a bridge in G − S.
In the first case, we define S = S(e) = ∅.
Proof. Let e be an arbitrary edge of G, which is not a bridge. Since G is minimally t-tough, τ (G − e) < t, so there exists a cutset S = S(e) ⊆ V (G − e) = V (G) in G − e satisfying ω (G − e) − S > |S|/t. On the other hand, τ (G) = t, so ω(G − S) ≤ |S|/t. This is only possible if e connects two components of (G − e) − S.
In this paper we study chordal, split, claw-free and 2K 2 -free graphs. The interesting property of these graph classes is that they are not closed for edge-deletion. We handle this behavior by showing that for each edge e of these graphs there exists a vertex set S(e) guaranteed by Claim 1.5 with some nice properties. It is easy to prove that every chordal graph has a simplicial vertex.
Chordal graphs

Claim 2.3. Every chordal graph has a simplicial vertex.
The main idea of the following two proofs is that in a minimally t-tough, chordal graph with t ≤ 1 if e is an edge in the neighborhood of a simplicial vertex v, then the vertex set S(e) guaranteed by Claim 1.5 cannot contain v.
Theorem 2.4. For any rational number 1/2 < t ≤ 1, there exist no minimally t-tough, chordal graphs.
Proof. Let 1/2 < t ≤ 1 be a rational number and suppose to the contrary that G is a minimally t-tough, chordal graph. Let v be a simplicial vertex of G. Since t > 1/2, every vertex has degree at least 2. Let u and w be two neighbors of v. Since v is simplicial, u and w are connected. Let e = uw. Obviously, e is not a bridge, so by Claim 1.5 there exists a vertex set S such that
and e is a bridge in G − S. From this it follows that v ∈ S. Since v is simplicial, all of its neighbors in G − S are in one single component, which means that ω(G − S) = ω G − (S \ {v}) . Case 1: |S| ≤ 1, i.e. S = {v}. Since v is simplicial, (G − e) − {v} must have exactly two components, and v must have exactly one neighbor in both of them, so v has degree 2. But then G is not 2-connected, (since G = K 3 , G − {u} or G − {w} is not connected), which contradicts the fact that κ(G) ≥ 2t > 1.
Case 2: |S| ≥ 2.
Since G is t-tough,
The inequality 1−1/t ≤ 0 is valid since t ≤ 1, thus we obtain a contradiction. Thus it is worth asking whether the Generalized Kriesell Conjecture is true for minimally t-tough, chordal graphs with t ≤ 1/2. Theorem 2.6. Let t ≤ 1/2 be a positive rational number. If G is a minimally t-tough, chordal graph, then every simplicial vertex of G has degree 1.
Proof. Suppose to the contrary that in G there exists a simplicial vertex of degree at least two. Let v denote such a simplicial vertex and let u and w be two neighbors of v. Since v is simplicial, u and w are connected. Let e = uw. Obviously, e is not a bridge, so by Claim 1.5 there exists a vertex set S such that
and e is a bridge in G − S. From this it follows that v ∈ S. Since v is simplicial, all of its neighbors in G − S are in one single component, which means that ω(G − S) = ω G − (S \ {v}) . If |S| ≤ 1, i.e. S = {v}, then v has degree 2, since it is a simplicial vertex, but then
which is a contradiction. So |S| ≥ 2.
which is a contradiction.
3 Split graphs The toughness of split graphs can be computed in polynomial time. First, it was shown for t = 1 in [6] , then in [10] for all positive rational number t.
Theorem 3.2 ([10]). For any rational number t > 0, the class of t-tough split graphs can be recognized in polynomial time.
If an edge goes between the clique C and the independent set I, then after its removal the graph is still a split graph, so we can compute in polynomial time whether its toughness decreased. The following claim says that for any positive rational number t, the vertex sets showing that the removal of any edge in the clique decreases the toughness can be determined. Claim 3.3. Let G be a minimally t-tough, split graph, partitioned into a clique C and an independent set I. Let e = uv be an edge between two vertices of C and S = S(e) ⊆ V (G) a vertex set guaranteed by Claim 1.5.
Proof. In G − S the edge e must be a bridge, so
But after the deletion of this vertex set, there is no need to remove any other vertices.
Theorem 3.4. For any rational number t > 1/2, there exist no minimally t-tough, split graphs.
Proof. If 1/2 < t ≤ 1, then this is a special case of Theorem 2.4, since every split graph is chordal. Let t > 1 be an arbitrary rational number and suppose to the contrary that there exists a minimally t-tough, split graph G, partitioned into a clique C and an independent set I. Let e = uv be an edge in C and S = S(e) ⊆ V (G) a vertex set guaranteed by Claim 1.5. By Claim 3.3,
Every component of G − S has size 1 except the component of the edge e. Let x = {w ∈ I | uw, vw ∈ E(G)} , Then
Since S has the property as in Claim 1.5,
Since t is positive and x is an integer, this implies that x ≤ 1. First we show that l u ≤ 1. Since G is minimally t-tough and S has the property as in Claim 1.5,
Now, we show that u has at most one neighbor in I. Suppose to the contrary that u has more neighbors, i.e. x = 1 and l u = 1. Remove the vertex set (S \ I) ∪ {u}. So we remove |S| vertices, and it leaves one more component as if we removed only S. This is a contradiction by the choice of S.
Since e is an arbitrary edge in C, it follows that every vertex of C has at most one neighbor in I. Now let f ∈ E(C) be an edge whose endpoints do not have a common neighbor in I. The edge f exists, otherwise G would be a complete graph, so its toughness would be infinity. We can assume that |I| ≥ 2, because if |I| = 1, then there exists a vertex v which is not adjacent to the vertex in I (since G is not a complete graph), so we can consider I ′ = I ∪ {v} and C ′ = C \ {v}, instead of I and C. By Claim 3.3,
Let a ∈ I be fixed, and let Since κ(G) ≥ 2t, the vertex a has degree at least 2t, so |R| ≤ |C| − 2t, and then
We have just shown that for t > 1/2 there exist no minimally t-tough, split graphs. On the other hand, for t ≤ 1/2 the minimally t-tough, split graphs can be characterized, see Figure 3 . Proof. If G is triangle-free, then it must be a tree, so τ (G) = 1/∆(G). Since G is a split graph, it can have at most two internal vertices. (So G is either a star or two stars connected by their center vertices.) Let us assume that there is a triangle in G. Since every split graph is chordal and every vertex in I is simplicial, by Theorem 2.6, every vertex in I has degree 1. It is not difficult to see that such a graph could only be minimally tough, if |C| ≤ 3. But since there is a triangle in the graph, |C| = 3. Obviously, all vertices of C must have degree b + 1. 
Claw-free graphs
In [8] it was shown that the toughness of any claw-free graph is either an integer or half of an integer. In this section we deal with minimally 1-tough and minimally 1/2-tough, claw-free graphs. For larger t values the questions are open. 
Theorem 4.2 ([8]). If G is a noncomplete claw-free graph, then 2τ (G) = κ(G).
Corollary 4.3. For any rational number t > 0, the class of t-tough claw-free graphs can be recognized in polynomial time.
The following lemma follows directly from the proof of Theorem 4.2, which can be found as Theorem 10 in [8] .
Lemma 4.4. Let G be a claw-free t-tough graph and S a tough set. Now the vertices of S have neighbors in exactly two components of G − S, and the components of G − S have exactly 2t neighbors (in S).
The t = 1 case was already settled in [4] . The main idea of this proof was that for each edge there exists a vertex set guaranteed by Claim 1.5 of size at most 2. Now in the case t = 1/2 we show that there exist such vertex sets of size at most 1. 
Proof. If e is a bridge, then S = ∅.
Let us assume that e is not a bridge. Then S = S(e) is a tough set, so by Lemma 4.4 the vertices of S have neighbors in exactly two components of G − S, and the components of G − S have exactly one neighbor in S. Let {v} ⊆ V (G) be the neighborhood of the component containing the edge e. Then {v} is a cut set and its removal leaves exactly 2 components, so it is a tough set having the same property as in Claim 1.5. Proof. If every edge of G is a bridge, then G is a tree, so it does not contain any cycles.
Let us assume that there exists an edge e = uw, which is not a bridge. Then by Lemma 4.6 there exists a vertex v, which is a cut-vertex in G such that e is a bridge in G − {v}. Let L 1 and L 2 be the components of G − {v}. Since G is connected, v has neighbors in L 1 and L 2 . Since e is not a bridge, there exists a cycle containing the edge e, but then it must also contain the vertex v. Since G is claw-free, this cycle must be {u, v, w}. This means that in G every cycle has length 3. 
Now delete every vertex of degree 3, but connect its 3 neighbors with a triangle.
An example of such a graph is shown in Figure 4 .
Proof. It is easy to see that all such graphs are claw-free. If it does not contain a triangle, then it must be a path on at least 3 vertices, which is clearly minimally 1/2-tough. If it contains some triangles then, since it was obtained from a tree, the removal of each additional vertex creates at most one more new component, so it is 1/2-tough. On the other hand, if an edge of a triangle is deleted, then by removing the third vertex of this triangle we obtain 3 components, since no vertex of the triangle is a leaf in T . All the other edges of the graph are bridges, so the graph is minimally 1/2-tough. Now we show that if a graph is claw-free and minimally 1/2-tough, then it can be obtained as described in the theorem.
Case 1: G is a tree. Since G is a claw-free tree, it cannot have a vertex of degree at least 3, so G must be a path. A path on 2 vertices is K 2 , whose toughness is infinity, so it is not minimally 1/2-tough. A path on at least 3 vertices is obtained by setting T to be this path. (In this case we do not use step 2 of the construction.)
Case 2: G is not a tree. By Lemma 4.8, every cycle of G has length 3 and by Lemma 4.6 every vertex of every triangle is a cut vertex. This implies that two triangles cannot share an edge. It also implies that any vertex that is not in a triangle either has degree 1 or is a cut vertex and has degree 2. Now apply the reverse of the operation given in step 2 (i.e. for each triangle, remove its edges, add a new vertex and connect it with the vertices of the triangle). Let us call the newly added vertices red, and call the vertices of the triangles green, and the other vertices blue. Since the original graph did not contain any cycles other then the triangles, the resulting graph must be a tree. The red vertices have degree 3, and the blue vertices have degree 1 or 2. If a green vertex has degree at least 3, then this vertex in the original graph was contained by at least 3 triangles, but it must be cut vertex, so this contradicts the 1/2-toughness of the graph. So the red vertices of the tree have degree 3, all other vertices have degree 1 or 2.
To complete the proof we need to show that the set of vertices of degree 1 and 3 together form an independent set. Two leaves cannot be adjacent since the graph is connected and has at least 3 vertices. Two vertices of degree 3 (i.e. red vertices) cannot be adjacent because of the way they were created. A vertex of degree 3 and 1 cannot be adjacent, because that would mean that the leaf in the original graph was contained by a triangle and had no neighbors outside the triangle, which contradicts the fact that it was a cut vertex. Proof. Theorem 4.9 shows that these graphs are obtained from a tree, which clearly contains a leaf. Also in the starting tree, the leaves cannot be adjacent to any vertex of degree 3, so the applied operation does not effect them.
Since the toughness of any claw-free graph is either an integer or half of an integer, in the class of claw-free graphs the Generalized Kriesell Conjecture is true for all rational number 0 < t ≤ 1.
2K 2 -free graphs
In this section we prove that for any positive rational number t, the class of minimally t-tough, 2K 2 -free graphs can be recognized in polynomial time. The following claim is obvious from the definitions. Here we prove that in a minimally t-tough, 2K 2 -free graph for every edge there exists a vertex set guaranteed by Claim 1.5, which is contained by the open neighborhood of the endpoints of the edge, i.e. the set of vertices adjacent to any of the endpoints excluding the endpoints themselves. Proof. Let S be a vertex set guaranteed by Claim 1.5 and let us assume that there exists a vertex w ∈ S such that uw, vw ∈ E(G). Let L u and L v denote the two components of (G − e) − S for which u ∈ L u and v ∈ L v . By Claim 5.3, all the components of G −S are isolated vertices except the component of the edge e. Since G is 2K 2 -free, these isolated vertices cannot be connected to w. We can assume that w has neighbors both in L u and L v , otherwise we would not need to remove w, see Figure 5 . Figure 5 : The set S with a vertex w ∈ S for which uw, vw ∈ E(G).
This means that
and by the choice of S,
Since w is not adjacent to u and v, both L u and L v must have size at least two. Since G is 2K 2 -free, both L u and L v are stars. (If there were any other edge in L u , then this edge and any edge in L v would be independent.) Since t > 1, the removal of u or v from G − S cannot increase the number of components by more than one, so both of these stars can have only two Proof. By Theorem 5.2, we can compute the toughness of the graph in polynomial time. We only need to examine whether the removal of any edge decreases the toughness.
Let e be an arbitrary edge of the graph. If e is a bridge, then its removal obviously decreases the toughness. Let us assume that e is not a bridge. Start a BFS algorithm at u and v simultaneously. Since the graph is 2K 2 -free, the BFS tree has at most two levels (not counting the zeroth level with u and v) and inside the second level there are no edges. By Theorem 5.4, we can assume that the whole vertex set S = S(e) ⊆ V (G) guaranteed by Claim 1.5 is in the first level. Since all the components of G − S are isolated vertices except the component of the edge e by Claim 5.3, all the vertices in the first level belong either to S or to the component of e. Therefore, if we remove the edge e from G and expand the first level into a clique by adding all necessary edges, then the toughness of the obtained split graph is equal to toughness of G − e. By Theorem 3.2, we can compute the toughness of this split graph in polynomial time.
We give a few examples of minimally t-tough, 2K 2 -free graphs. 6 Acknowledgment
